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1 Introduction 



For the last few decades, we have seen tremendous developments on knot theory, a subject 
where diverse areas in mathematics and physics interact in beautiful ways. The interplay 
between mathematics and physics involving knot theory was triggered by the seminal paper 
of Witten [1] which shows that Chern-Simons theory provides a natural framework to study 
link invariants. In particular, the expectation value of Wilson loop along a link £ in S"^ 
gives a topological invariant of the link depending on the representation of the gauge group. 
For a representation R of SU (2) gauge group, an invariant corresponds to a colored Jones 
polynomial Jii{C;q). Besides, one can relate an SU{N) invariant with representation R 
to a colored HOMFLY invariant PR{C;a,q). While the systematic procedure to compute 
SU{N) invariants in is investigated in [2-4], it is very difficult to carry out explicit 
computations in general. Even in mathematics, although the definition [5, 6] of colored 
HOMFLY polynomials was provided, explicit calculations for non-trivial knots and links 
are far from under control. 

Nevertheless, there have been spectacular developments on computations of colored 
HOMFLY polynomials in recent years. For torus knots and links, the HOMFLY invariants 
colored by arbitrary representations can be, in principle, computed by using the generaliza- 
tions [6-8] of the Rosso- Jones formulae [9]. In addition, Kawagoe has lately formulated a 
mathematically rigorous procedure based on the linear skein theory to calculate HOMFLY 
invariants colored by symmetric representations for some non-torus knots and links [10]. 
Furthermore, the explicit closed formulae of the colored HOMFLY polynomials P[„](/C; a, q) 
with symmetric representations {R = i ■ ■ ■ i i ) were provided for the (2, 2p-|-l)-torus knots 
[11] and the twist knots [10, 12, 13]. 

In this paper, we shall demonstrate the computations of the HOMFLY polynomials 
colored by symmetric representations in the framework of Chern-Simons theory. Exploit- 
ing the connection between Chern-Simons theory and the two-dimensional Wess-Zumino- 
Novikov- Witten (WZNW) model, the prescription to evaluate expectation values of Wilson 
loops was formulated entirely in terms of the fusion and braid operations on conformal 
blocks of the WZNW model [2-4]. Therefore, the procedure inevitably involves the SU{N) 
quantum Racah coefficients (the quantum 6j-symbols for Uq^sIn)), which makes explicit 
computations hard. The first step along this direction has been made in [14]: using the 
properties the SU (N) quantum Racah coefficients should obey, the explicit expressions in- 
volving first few symmetric representations are determined. This result as well as the closed 
formulae of the twist knots motivated us to explore a closed form expression for the SU{N) 
quantum Racah coefficients. We succeeded in writing the expression for multiplicity- free 
representations [15] which enables us to compute the colored HOMFLY polynomials car- 
rying symmetric representations. To consider more complicated knots and links than the 
ones treated in [14], we make use of the TQFT method developed in [2, 3]. 

With this method, the expressions of the twist knots, the Whitehead links, the twist 
links and the Borromean rings [10, 13, 16] have been reproduced up to 4 boxes. Even 
apart from these classes of knots and links, the validity of our procedure is checked from 
the complete agreement with the results obtained in [17, 18]. Furthermore, the explicit 
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evaluations of multi-colored link invariants shed a new light on the general properties of 
colored HOMFLY invariants of links and provide meaningful implications on homological 
invariants of links. 

The plan of the paper is as follows. In §2, we briefly review U{N) Chern-Simons 
theory. In particular, we present the list of building blocks and the corresponding states 
which are necessary for calculations of colored HOMFLY polynomials. In §3, we compute 
the colored HOMFLY polynomials of seven-crossing knots and ten-crossing thick knots. In 
§4, multi-colored HOMFLY invariants for two-component and three-component links are 
expressed. We summarize and present several open problems in §5. For convenience, we 
explicitly show SU{N) quantum Racah coefficients for some representations in Appendix 
A. Finally, we should mention that a Mathematica file with colored HOMFLY invariants 
whose expressions are too lengthy for the main text is linked on the arXiv page as an 
ancillary file. 



2 Invariants of knots and links in Chern-Simons theory 

We shall briefly discuss U{N) Chern-Simons theory necessary for computing invariants of 
framed knots and links. We refer the reader to [2-4] for more details. The action for 
U{N) ~ ^^(1) X SU{N) Chern-Simons theory is given by 

where B is the ^7(1) gauge connection and A is the SU{N) matrix valued gauge connection 
with Chern-Simons coupling (also referred as Chern-Simons level) ki and k respectively. 
The Wilson loop observable for an arbitrary framed link C made up of s-components {fCp}, 
with framing number is the trace of the holonomies of the components 

/3=1 

where the holonomy of the gauge field A around a component knot /C^, carrying a repre- 
sentation Rfs, of an s-component link is denoted by U^[ICi3] = P[exp^^^ A] and Uf^ is the 
U{1) charge carried by the component knot /C/j. Note that the framing number for the 
component knot /C^ is the difference between the total number of left-handed crossings and 
that of right-handed crossings. The expectation values of these Wilson loop operators are 
the framed link invariants: 

^Ri,...Rs i^\^nu...'nAM " (R^,m),...,{R,,ns)[^} " J[DB][DA\e^ ' 

(2.1) 

The SU{N) invariants will be rational functions in the variable q = exp ^^p^^ with the 
following choice for U{1) charge and coupling ki [19, 20] , 

np = —= ; ki = k + N , 
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where l^^^ is the total number of boxes in the Young Tableau representation i?^. The 
U{1) invariant involves only linking numbers {Lka^} between the component knots and 
the framing numbers {//3} of each component knot. That is, 

■ (2.2) 

Although the expectation values of Wilson loops (2.1) involve infinite-dimensional func- 
tional integrals, one can obtain SU{N) invariants non-perturbatively by utilizing the rela- 
tion between SU{N) Chern-Simons theory and the SU{N)k WZNW model [1]. The path 
integral of Chern-Simons theory on a three-manifold with boundary defines an element in 
the quantum Hilbert space on the boundary, which is isomorphic to the space of conformal 
blocks of the WZNW model. Using this fact, the evaluations of the expectation values of 
Wilson loops can be reduced to the braiding and fusion operations on conformal blocks 
once a link diagram is appropriately drawn in [2-4]. 




Figure 1. Two bases for four-point conformal blocks 

The Chern-Simons functional integral over a three-ball with a four-punctured 5^ 
boundary is given by a state in the Hilbert space spanned by four-point conformal blocks. 
There are two different bases for four-point conformal blocks as shown in Figure 1 where 
the internal representations satisfy the fusion rules t E {Ri R2) H (i?3 (g) R^) and s G 
(ii2 ^ ) n (i?! (8> -R4 ) . The conformal block \^t{Ri-, R2, R^-, Ra)) is suitable for the braiding 
operators and 63^^ where hi denotes right-handed half-twist or braiding between the 
i^^ and the (i-|-l)*^ strand. Here the superscripts (-I-) and (— ) denote the braidings on two 
strands in parallel orientations and in anti-parallel orientations respectively. Similarly, the 
braiding in the middle two strands involving the operator 63^^ requires the conformal block 
|(/!)s(i?i, i?2, -R3, -R4)). In other words, these states become the eigenstates of the braiding 
operators 

{Ri, R2, R3, Ra)) — \ (Ri, R2)\4't{R2, Ri, R3, Ra)) , 

b^^^\MRl,R2,R3,R4)) = X'^^HR2,R3)\MRuR3,R2,R4)) , 

b^s^'^lff'tiRi, R2, R3t Ra)) = Xt^\R3, R4:)\4't{Ri, R2, R4, R3)) ) 

where the braiding eigenvalues \[^\Ri, R2) in the vertical framing are 
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where e[i^^^ = ±1 (See (3.9) in [14]). Here the quadratic Casimir for the representation 
R is denoted by 



Cr = ^r-^, nR = l[N£ + e + ^ii^ 



2iL 



where £i is the number of boxes in the i"^ row of the Young Tableau corresponding to the 
representation R and £ is the total number of boxes. The two bases in Figure 1 are related 
by a fusion matrix ats as follows: 



t(i?l, i?2, i?3, Ri)) — ats 



Rl i?2 

Rs Ri 



i{Ri,R2, R3, Ri)) ■ 



The fusion matrix is determined by the SU{N) quantum Racah coefficients. We have 
obtained these coefficients for a few representations in [14] and recently for symmetric 
representations in [15]. 
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Figure 2. Fundamental building blocks 

In order to write the explicit polynomial form of SU{N) invariants for many knots, we 
will require the states corresponding to Chern-Simons functional integral over three-balls 
with several four-punctured S'^ boundaries. Therefore, we will present these states which 
will serve as the necessary building blocks for the knots and links in §3 and §4. Inside a 
three-ball with two 5^ boundaries, we have a four-strand braid with braid word B as shown 
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Figure 3. Composite building blocks 



by vi in Figure 2. We shall call the state as vi whose form in terms of four-point conformal 
blocks of the WZNW model is 

vi= Yl {B\MRuR2,R3,R4))Y^'' \URi,R2,R3,Ri)f\ 

ie(i?i(g)R2)n(i?3'»-R4) 

where the superscripts outside the four-point conformal blocks denotes the boundaries (1) 
and (2) as indicated in Figure 2. For the simplest three-ball with one boundary, the 
states V2 and will be 

V2 = \MRi,RuR2,R2)f^ , V3 = \MRi,R2,R2M)^^^ , 
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where the subscript in (po represents the singlet representation. This procedure can be 
generahzed to three-ball with more than one 5^ boundary. For definiteness, we first write 
the state for three S'^ boundaries and generalize to state Vr for r 5^ boundaries: 

1 



V4 



E 



ie(Ri®/?i)n(R2®-R.2)n(iJ3®K3) 



i{Ri, Ri, R2-, R2)) 



(1) 



'ejy^dinig/ 



bi{R2,R2, R3, R3)f^mR3,R3, Ri,Ri)f^ , 

l(Rl,Rl,R2, i?2)>^'^ . . . MRr, Rr,Rl,Rl))^'^ 



r-2 



Here ei = e 



Ri,Ri 



±1 (See (3.1) in [14]). Using these fundamental building blocks, we can 



obtain states for three-ball with two S'^ boundaries in Figure 3 which we call composite 
building blocks. For example, the state ^5 for the two S"^ boundaries can be viewed as 
gluing of appropriate oppositely oriented boundaries of vi, V2 and V4 as shown. In the 
equivalent diagram for U5, we have indicated 3 on an S'^ boundary which denotes that it 
is oppositely oriented to the 5^ boundary numbered by 3. Gluing along two oppositely 
oriented 5^ boundaries amounts to taking inner product of the states corresponding to the 
boundaries. For example, gluing along the S'^ boundaries 3 and 3 results in 



(3) 



{(f>iiR3, R3, RuRi,)\\MR3, R3, Ri,Ri)) 



(3) 



Six ■ 



Writing the states vi, V2 and V4 and taking appropriate inner product, we obtain the state 
V5 as 

1 



V5 



e^^'^^^dW^ (A(-)(i?i,i?3))2'" air 



Ri Ri 
R3 Rs 



X \<Pi(Ri,RuR2,R2)f' \MR3,R3,R2,R2)) 

The state vq is similar to the state ^5, but it involves an odd number of braidings: 



V6 



Ri,Ra 



e;----'' v^dim, r (A(+'' (Ri , R3)) ^ ' aw 



Ri 

Ri R3 



i{R3,Ri,R2,R2)) 



(2) 



x\cPjiRi,R3,R2,R2))^'^ 

The state f 7 can be obtained by gluing vi , and again a vi with appropriate braid words 
B in both vi's as shown in the equivalent diagram: 

1 



V7 



y 



' Ri 


Ri' 




R2 R2 


R3 


R3 


aiy 


R3 R3 



-Ri Ri 
R3 R3 



{R3, Ri, Ri, R3)) \<py{R3, R2, R2, R3)) 



(2) 



The state vg is almost the same as the state vi except for an odd number instead of an 
even number of braidings: 

1 



^8 



E 



Ri,R3 



diuiq I 



e^i'^^ydW;^ (A(+)(i?i,i?3))"^^'"+^^a 



rl 



Ri R3 
Rl R3 
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xa 



xl 



R2 Ri 




' R2 R3' 


Ri R2 


ayi 


Ri R2 



.{R2,Rl,R3,R2))^ \4>y{R2,R?,,Rl,R2))^ ^ 



The equivalent diagram for in Figure 3 determines the state as 
1 



V9 



^ Ri 



Mi,R2 



R2 



imq z a^i 
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Oiyx 


R2 Ri 
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Ri R2 
Ri R2 



X^\Ri,Ri) A(+)(i?i,i22) X'f\Ri,R2) \URi, R2, Ri, R2)) 



(1) 



x\cl)j{RuR2,Rl,R2)) 



(2) 



To get the state vio, we could glue the state vi to the state vg with braid words B 



E 
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i,x,y,z ef^'^-'y^dimg/ 
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Oiyx 


' R2 
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R2 


R2 


Ri 


R2 



xa 



zy 



Ri R2 




' Ri 


Ri' 




Rl 


Ri R2 


asl 


R2 


R2 


au 


R2 R2 



Xi-\Ri,Ri) AW(i?i,i?2) 

xX^-\Ri,R2) \cPs(RuRl,R2,R2)f^ \ct>t{Rl,Rl,R2,R2)f^ ■ 

Our main aim is to redraw many knots and links in using these building blocks so 
that the invariant involves only the multiplicity- free Racah coefficients. For instance, see 
Figure 6 and Figure 7 in [21] where equivalent diagrams of the knots 942 and IO71 are 
drawn. 

As an example, we will demonstrate the evaluation of the Chern-Simons invariant for 
the knot IO152 by using these building blocks. This knot can be viewed as gluing of five 
three-balls as shown in Figure 4. Using the states for the fundamental and composite 
building blocks , we can directly write the different states corresponding to the three-balls 
{Pi} = 1, • • • , 5) as follows: 



pi = ^ e^'-^V^dimqM Us^t 



R R 
R R 



iXi-\R,R)f \<l)s,iR,R,R,R)) 



(1) 



P2 



T- jij^ ] mR,R,R,R)f^ MR,R,R,R)f^ MR,R,R,R)f^ 



I ' ^/dimgl 
P3 = ^e^'-^Y^dim^t; Us^v 

1 



S2,V 



R R 
R R 



Pi 



E 



Xi~\R,R) {xi+\R,R)f \<Ps2{R,R,R,R)f^ 

'^ydW^(AW(i?, R)farh 



R R 
R R 





' R R 




' R R 


XCLxh 


R R 


ayi^ 


R R 



,{R,R,R,R))'-^^ \^y{R, R, R, R))^^^ 



P5 = ^ef'-^^dimq 



S3, 2 



R R 
R R 



Xi+\R,R) Xt\R,R) \cP,,iR,R,R,R)) 



(4) 
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Figure 4. The knot IO152 in gluing of three-balls. 



One can obtain the SU (N) invariant after gluing all the three-balls together which amounts 
to taking appropriate inner products of the above five states: 



V, 



{SU{N)} 



R 



[IO152] 



1 



i,ll,r,u,v,x,y,z 



^R,R 



lUlq Z 



X € 



im„ u e. 



R,R 



\J dimg r 



R,R 





R R 




R R 




R R 




R R 




R R 




R R 




R R 


a-yh 


R R 


Clyz 


R R 




R R 



X Uyl 



R R 
R R 



X {Xi~\R,R)f Xr\R,R) {Xi+\R,R)f. 

The framing number for the knot IO152 as drawn in Figure 4 is / = —11, giving the U{1) 
invariant (2.2): 



T/{C/{l)}rin 1 



q 2iv 



To adjust the framing number to zero, we introduce an additional twist with framing 
number — / to the knot. This additional twist leads to a multiplication by a factor q~^^^, 
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giving the unreduced HOMFLY polynomial 

Pij(10i52;a = g^q) = g^^^«^f^^»[10i52]^f^^^^^ [10X52] . 

Note that the factor q~f^R can be incorporated as a framing correction in the vertical 
framing braiding eigenvalues: 

where A denotes standard framing eigenvalues which will be used in the explicit computa- 
tion of colored HOMFLY polynomials of knots. 

Let us conclude this section by providing the definition of a reduced HOMFLY poly- 
nomial. The reduced colored HOMFLY polynomial of a knot /C is expressed by 

PR{JC;a,q) = P R{lC]a,q) / P R{0;a,q) . 

The unknot factor carrying the rank-n symmetric representation is 

where we denote the g-Pochhammer symbols by {z; q)^ = 11^=0(1 ~ ^Q.^)- 
3 Colored HOMFLY polynomials for knots 

In this section, we shall demonstrate computations of the colored HOMFLY polynomials 
of knots. The closed form expressions of the colored HOMFLY polynomials with all the 
symmetric representations are known for the (2, 2p+l)-torus knots [11] and the twist knots 
[10, 12, 13]. In addition, we have verified the results in [17, 18] for the colored HOMFLY 
polynomials of the knots 62, 63, 73 and 75 up to 4 boxes. Hence, we present the [3]- 
colored HOMFLY polynomials for the other seven-crossing knots in §3.1. (The [2]-colored 
HOMFLY polynomials are collected in [14].) For each figure, we redraw the (left) diagram 
in the table of Rolfsen into the right diagram to which we apply the method in §2. 

In §3.2, we shall compute the colored HOMFLY polynomials of thick knots [22]. If all 
the generators of the HOMFLY homology of a given knot have the same (5-grading, the knot 
is called homologically thin. (See more detail in [22].) Otherwise, it is called homologically 
thick. For a thick knot, the colored HOMFLY polynomial is a crucial information to 
obtain the homological invariant since it is not clear the homological invariant obey the 
exponential growth property. For the (3,4)-torus knot (819) and the knot 942, the [2]- 
colored superpolynomials are given in [23]. In addition, the colored HOMFLY polynomials 
of the knot IO139 are given up to 4 boxes [18]. The evaluation of the colored HOMFLY 
polynomials for these knots are beyond the scope of the method provided by [10] . We have 
verified these results of the knots 842 and IO139 using our approach. Here we present the 
invariants for 10-crossing thick knots except the knot lOiei ^• 



^Since the knot lOiei can be written as a three-strand knot, the colored HOMFLY polynomials can be 
obtained by the method in [18]. 
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Before going into detail, let us fix the notation. In this paper, we use the skein relation 

for an uncolored HOMFLY polynomial P{IC;a,q) = P[y(/C;a, with P{Q;a,q) = 1. To 
show the colored HOMFLY polynomials concisely, we use the following convention. 
Example 



/ 9 10 11 12' 

f{a,q) 5 6 7 8 
yi 2 3 4 

/(a, q) \{l + 2q + ?,q^ + V) + ^(5 + 6g + 7q^ + Sq^) + a^{9 + IQq + llq^ + I2q^) 



In the matrix, the g-degree is assigned to the horizontal axis and the a-degree is scaled 
along the vertical axis. 

3.1 Seven-crossing knots 
3.1.1 74 knot 





Figure 5. 74 knot 
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Figure 6. 7q knot 



3.1.2 76 knot 
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3.1.3 77 knot 





Figure 7. 7r knot 
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3.2 Thick knots 
3.2.1 10i24 knot 

Note that the knot IO124 is the (3, 5)-torus knot. 



7-1-2-11 000000; 
10 000000/ 





dim, 



Figure 8. IO124 knot 
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' R R 




' R R 




' R R 
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R R 
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/101222424433423321211100 1\ 

-1 -2 -2 -4 -6 -6 -8 -9 -8 -9 -9 -8 -8 -7 -5 -5 -5 -3 -2 -2 -1 -1-10 
0224577989776643221100000 
-1 -2 -2 -3 -4 -3 -3 -4 -3 -2 -2 -1 -1 -1 

Vooooioiiooiooooooooooooooy 
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3.2.2 10i28 knot 




-P[2](10i28;a,g) = 
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3.2.3 10i32 knot 




Figure 10. IO132 knot 
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PR{10is2;a,q)= Yl 



R,R 



l,r,x,y,x',y' ' \/ dlUlq I 



ef^'^ diuig r e 
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'x' Vdi 
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y 
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^[2](10i32;a,Q) = ^ 



3.2.4 10i36 knot 
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Figure 11. lOise knot 



^'ij(10i36;a, 



E 



M,R 



M,R 



l,li,r,x,y,z 



X e; 



X a 



yz 



R R 
R R 



q u a^i 

Cxi+\R,R)r' {Xi-\R,R))-' iViRM' 



R R 




R R 




R R 




R R 


R R 




R R 




R R 


Clyl 


R R 



xCxi'\R,R) f {Xi-HR,R)y 
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^'[2](10i36;a, 



3.2.5 IO145 knot 



/O 1 -1 02 -1 -1 1 0\ 
-1 1 -2 -1 2 -2 -2 2 -1 
010022020030-11 
-1 -2 -3 1 -1 -4 -2 -1 -1 
20044 -1 02200000 
-1 -2 1 -3 -1 

yoloooooooooooo/ 





Figure 12. IO145 knot 
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X ai^ 



R R 
R R 
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3.2.6 10i52 knot 



Figure 13. IO152 knot 
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E 



X e,. 
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' R R 




' R R 




' R R 




' R R 




' R R 
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R R 




R R 
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Clyz 


R R 




R R 



X a^i 



R R 
R R 



{)S+\R,R)f >S+\R,R) Xi'\R,R) 



X {Xi-\R,R)f xt\R,R) (Al+)(i?,i?))= 



-P[2](10i52;a,g) = 

/1013226 2 6 5 2 7 6 05620321100 l\ 

-1 -3 -2 -5 -9 -8 -11 -11 -13 -16 -9 -11 -17 -10 -4 -8 -10 -4 -1 -3 -2 -1-10 

03367 10 14 12 9 20 13 6 12 13 64 3 42100000 

-2 -4 -3 -3 -9 -8 -1 -7 -10 -3 -2 -3 -3 -2 

\00003-10 5 0-2 3 1 00 00000000/ 

3.2.7 IO153 knot 




Figure 14. IO153 knot 
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-P[2](10i53;a,g) = ^ 
/OOOOOOlOlllllOllOOlOX 



-1 -1 -2 -5 -2 -2 
1-10 3 2-15 5 3 



-6 -3 -2 -4 -2 -2 
5 6 2 3 3 2 



-2 -1 -1 
2 10 1 



1 -1 3 2 -3 1 2 -4 1 -4 -1 -2 -1 



-1 -1 -1 -2 -2 



-1 1 -1 -1 



0011 -1 010000000000000 
\ 1 -1 -1 2 -1 1 0/ 



3.2.8 10i54 knot 





Figure 15. IO154 knot 
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P[2](l0i54;a,g) = f 



/ooooooooooooooooioo\ 

00000 000 -2 2 -2 -2 
00000 000 -1 -4 2 4 -3 -2 3 1 
00000 002 3 1 1 4 5 -1 -2 3 1 -1 
-1 -2 3 -2 -6 -1 2 -1 -2 -2 1 -1 
-3 -1 5 -2 -7 1 2 -3 -1 -2 -3 1 -1 -2 
\10000 32 -3 2 4 -1 1 3 -1 2 2 1 J 

4 Colored HOMFLY invariants for links 

In this section, we shall compute the colored HOMFLY invariants of links. First of all, 
we should emphasize that the invariants are no longer polynomials, but rational functions 
with respect to the variables {a,q). In addition, the colored HOMFLY invariants of links 
are crucially dependent of the orientation of each component of a link. For each link in 
this section, we choose the orientation presented in Knot Atlas [24]. In [16], the cyclotomic 
expansions of the colored HOMFLY invariants of the twist links including the Whitehead 
link 5f and the link 7^, and the Borromean rings 63 are given. Therefore, we treat two- 
component links with six and seven crossings in §4.1. We have not succeeded in computing 
the invariants of the link 7g by this method^. In §4.2, we consider three-component links 
including the (3,3)-torus link and the link 6^. 

For two-component links, the colored HOMFLY invariants are symmetric under inter- 
changing the two colors [„2])(^; a, g) = P([„2],[ni])(>C; a, g). In §4.1, every unreduced 
colored HOMFLY invariant Pq^^j a, 9) contains the unknot factor P[nmax](0; "^j 
colored by the highest rank rimax = max(ni, 712). Furthermore, one can observe that it 
includes the factor {a;q)n,-^^^/{q;q)niiQ',Q)n2- If we normalize by 



{Q;q)ni{q;q)n2 



P{[n^],[n2]){^;a,q) , (4.1) 



then it becomes a Laurent polynomial with respect to the variables {a,q). Interestingly, 
they satisfy the exponential growth property (the property which special polynomials sat- 
isfy) [25-27] 

1 k 



n («;.).„_ = (a;,)._ Piin.Un.ma,q) 

where gcd(ni,n2) = 1 and k G Z>o. In fact, the forms of the Laurent polynomials (4.1) 
strongly suggest the interpretation at homological level. For instance, it is easy to see 
that the difference between the ([1], [3])-color invariant and the ([1], [4])-color invariant in 
the matrix form expressions below is just a shift in g-degree. In higher ranks, though 
the cancellation between coefficients make this shift obscure, it is not difficult that only a 
shift in g-degree is involved if you increase the rank of the larger color. The homological 
interpretations of link invariants will be given in the separate paper [16]. 



^ Since the link 7a can be written as a three-strand link, the colored HOMFLY invariants can be obtained 



' 6 

by the method in [18 
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Similarly, for a three-component link, a colored HOMFLY invariant Pq„^] [„2],[n3]) i^j o--, q) 
contains the unknot factor -P[nmax](0; o,^ q) colored by the highest rank rimax = max(ni, n2, na). 
In addition, it also includes the factor (a; Q')nmax/('?; Q)ni{Q', Q)n2i'l] Q)n3- If we normalize by 



iQ;Q)ni{q;q)n2{q;q) 713 



-P([ni],[n2],[n3])('^;"'9) ' 



then it becomes a Laurent polynomial, which obeys the exponential growth property 

{q;q)knAQ''(i)kn2(.q;q)kn3- 



lim 
lim 



ia;q) 



kn„ 



'-P{[kni],[kn2\\kn3\){^i q) 



(g;g)«i(g;g)n2(g;g)n3 D x 

777:7^ Mhi]>h2],[n3]) l-^. 9j 



where gcd(ni, 712, ns) = 1. 

4.1 Two-component links 
4.1.1 6^ link 





Figure 16. 6| link 



X ats 
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R2 Ri 



Ri R2 
Ri R2 



^([i],[i])(6i;a,9) 



/-I 2 -2 2 -1 
-12-3 2 -1 
1-11 



^([i],[2])(6i;a,g) 



(l-a)(l-ag) 
o9/2g7/2(l_q)2(l_g2) 



/ -1 1 1 -2 1 1 -1 
-1 2-2-12-1 
y 10-1100 
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^([i],[3l)(6i;a,g) 



(l-a)(l-ag)(l-ag^) 

a5g6(l_5)2(l_g2)(l_g3) 



/ -1 1 1 -2 1 1 -l\ 

-1 2 -2 -1 2 -1 
yOlOO-llOOOOOy 



^([i],[4])(6i;a,g) = 

(l-a)(l-ag)(l-ag^)(l-ag3) 

„ll/2gl7/2(i_g)2(i_g2)(i_^3)(l_^4) 

^([2],[2])(6i;a,q') = 



/ -1 1 1 -2 1 1 -1 
-1 2 -2 -1 2 -1 
yO 1000 -1 10000000 



(l-a)(l-aq) 

a8g7(l_5)2(l_g2)2 



/ 1 -2 3 -4 1 5 -5 -2 5 -1 -2 l\ 

1 -2 5 -6 -2 10 -5 -7 7 2 -4 1 

1 -2 5 -5 -3 10 -3 -7 5 2 -2 
-1 2 -3 -2 5 -1 -4 2 1 -1 

\0 1 -1 2 -1 -1 1 OOy 



^([2],[3])(6i;a,g) = 

(l-a)(l-ag)(l-ag2) 
al7/2g25/2(i_g)2(i_g2)2(i_g3) 

/ 1 -1 -2 2 2 -2 -3 2 5 -2 -5 1 3 1 -2 -1 l\ 

1 -3 5 1 -7 -3 8 5 -7 -6 4 5 -1 -3 1 

1 -2 -1 3 4 -4 -6 4 7 -1 -7 -1 5 1 -2 
-1 -1 1 2 -1 -4 4 1 -3 -2 2 1 -1 

\o 1 -1 1 1 -1 -1 1 00^ 

• ^([2l,[41)(62;a,3) = 

(l-a)(l-ag)(l-ag2)(l-ag3) 
a«gi8(l-g)2(l-g2)2(i_g3)(i_q4) ^ 

/ 1 -1 -1 1 2 -2 -1 -1 1 4 -1 -2 -2 3 -1 -1 l\ 

1 -1 -2 4 1 -1 -5 -2 5 3 2 -5 -5 3 2 2 -3 1 

1 -2 -1 2 2 3 -4 -4 1 2 6 -2 -4 -1 -1 4 1 -2 
-1 -1 1 2 -1 -2 -2 4 -1 -1 -2 2 1 -1 

\0 100 -1 1 1 -1 -1 1 000000 00/ 



4.1.2 6? link 
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xi+\Ri, R2). 
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Figure 17. 6| link 
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P{[2],[3]){^ha,q) = 



(i-«)(i-"g)(i-V) y 

a5/2g5/2(l_g)2(l_g2)2(l_g3) 

/OOOOOO 000 oooiooX 

000000 000 -2 02 1 -1 -2 

000000 1 2 -4 -4 4 60 -6 -2 3 1 

-2 2 5 -3 -9 -1 12 6 -9 -7 3 5 -2 

1 -2 -2 6 4 -8 -10 6 15 -2 -12 -2 6 3 -3 -1 1 
-1 4 1 -7 -4 7 7 -4 -7 1 4 -1 

\0 1 -1 -2 1 2 1 -2 -1 1 0/ 

(l-a){l-ag){l-aq^){l-aqS) 

a3g2(l„g)2(l_g2)2(l„g3)(l„g4) ^ 

/ooooooooo 

000000000 
000000001 

-2 2 4 -3 -1 
1-2-13 1 3-5-7 2 
-1 3 1 -2 -4 -2 4 4 
\0 1 -1 -1 2 
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4.1.3 7j link 




Figure 18. 7f link 



OOOOOO 
-2 
2-4-2 1 1 6 

-5 -2 9 3 1 -5 
3 9 -7 -3 -2 
2 -3 -5 2 2 

-1-11 
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2 1-1-2 
-1 -3 -2-2 3 1 
-6 2 2 3 0-2 
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/ 
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X ats 



X Qjiib' 



Ri R'l 
Ri R2 

Ri R2 
R2 Ri 



s,t,s',u,v 

Xj \Ri, R2) ats 



Ri R2 
R2 Ri 



R2 Ri 
R2 Ri 



iXi-\Ri, R2)r\ 



(i-g) 



'0 -11-11 -1 o\ 
1 -2 3 -3 3 -2 1 
-12-2 2 -1 Oy 



-P([i],[2])(7?;a,g) = 



(l_a)(l_ag) 
„7/2g7/2(i_g)2(i_g2) 



/o -1 1 -1 1 -1 o\ 

1-1-13 -1 -2 3-1-11 
yO -1 1 1 -2 1 1 -1 Oy 



^([i],[3])(7?;a,g) 



(l-a)(l-aq)(l-a(?2) 



/O -1 1 -1 1 -1 o\ 

1-10-13-10-23-10-11 
^0-11 1-2 1 1-10 Oj 



^([i],[4])(7i;a,g) = 

(l-a){l-aq){l-aq^)(l-aq^) 

„9/2gl3/2(i_g)2(l_g2)(l_g3)(l_^4) 

^([2],[2])(7i;a,g) = 



'0 00 -1 01 -1 01 -1 

1 -1 -1 3 -1 -2 3 -100-11 
-1 10 1 -2 10 1 -1 00 



(l-a)(l_Qg) 
oeg8(l-g)^(l-g^)2 



/O 1 -1 1 -1 1 1 -2 2 -1 -1 1 0\ 

-1 1 1 -3 1 1 -3 3 1 -6 2 5 -4 -2 3 -1 

1 -2 1 3 -5 2 3 -7 6 5 -12 2 11 -7 -5 6 -2 1 
-11 2-4 2 3-8 5 7 -11 -1 10 -3 -5 3 1-10 

\ 1 -2 3 -4 1 5 -5 -2 5 -1 -2 1 J 



• ^([2],[3l)(7?;a,g) = 

(l_a)(l_ag)(l-ag2) 

al3/2g23/2(i_^)2(l_q2)2(l_q3) ^ 

/ 1 -1 1 -1 2 -2 1 1 -1 -1 1 \ 

-1 2 -3 -1 3 1 -4 -1 5 1 -5 -3 4 4 -3 -3 1 2 -1 

1 -1 -2 3 3 -4 -4 4 6 -6 -7 8 8 -6 -10 3 11 -1 -8 -1 4 2 -2 -1 1 
-1 3 -5 7 -9 -1 11 3 -11 -5 8 6 -4 -5 1 3 -1 

\0 1 -1 -2 2 2 -2 -3 2 5 -2 -5 1 3 1 -2 -1 1 0^ 
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^([2],[4])(7?;a,g) = 

(l-a)(l-ag)(l-ag2)(l-ag3) 

a7gl5(l-g)2(l_g2)2(l_g3)(l_g4) X 

00000000 100 -1 1 00 -1 1 10 -2 01 1 -1 -1 1 

-1 1 1 -3 -1 1 2 1 -3 -2 1 4 1 -4 -2 -1 3 4 -3 -2 2 -1 

1 -1 -1 2 3 -3 -3 -1 3 5 -2 -5 -4 6 7 -2 -4 -7 2 9 -2 -4 -2 4 1 -1 -1 1 
-1 2 1 -1 -4 4 3 -1 -7 -1 4 6 2 -9 -4 3 4 4 -3 -4 1 2 -1 

1 -1 -1 1 2 -2 -1 -1 1 4 -1 -2 -2 3 -1 -1 1 



4.1.4 l\ link 





Figure 19. 7| link 
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Figure 20. 7| link 
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4.1.6 7? link 





Figure 21. 7| link 
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• ^([2],[4])(7i;a,g) = 
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4.2 Three-component links 
4.2.1 6f link 




Figure 22. 6f link 
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• ^([2],[2],[2])(6?;a,9) 
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/OOO 00 -2 1 1 -1 0\ 

1 1 -3 3 2 -1 -2 1 1 
-1 1 1 -1 -2 2 -2 -1 1 -1 

yoi-1 -1 1 10 -1 1 J 



^([2],[2],[2])(6i;a,g) 



il-a){l-aq) 
a5g4(i_5)3(i_g2)3 



/O 3 -3 -4 71 -5 110\ 
-1 -1 2 -5 1 4 -3 -2 2 -1 
1-10 3 0-2 2 200 0010 
-1 2 -2 -2 2 -1 -2 1 -1 
\ 1 -1 -1 2 -1 100 0000/ 



^([2],[2],[3])(63;a,g) = P([3],[2],[2])(6|;a,g) = 



(l_a)(l_ag)(l_ag2) 
oll/2qll/2(i_^)3(i_q2)3(i_q3) 



f 3 -2 -4 3 2 1 -2 -2 2 \ 

-1 -1 2 2 -4 -5 2 6 -6 -2 4 1 -2 

1 -1 -1 2 2 -3 -1 6 3 -3 -3 2 3 -1 -1 1 
-1 2 -3 -1 2 1 -2 -2 1 -1 

\0 1 -1 -1 1 1 -1 1 J 



^'([2l,[3l,[2l)(6l;a,g) 



(l-a){l-aq){l-aq^) 
„ll/2ql5/2(i_^)3(l_q2)3(l_q3) 



/ 2 -1 -4 4 3 -3 -3 1 5 -2 -3 2 \ 

-1 1 -4 4 1 -5 -3 4 2 -2 -2 1 1 -1 

1 -1 1 2 2 -1 -2 2 1 1 -1 1 
-1 1 -2 -1 1 -1 -1 1 -1 

\0 1 -1 -1 2 -1 1 000/ 
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• ^([2],[3],[3])(63;«,9) = ^([3],[3],[2])(63;a,g) = 

(l_a)(l-ag)(l-ag2) 
a6gl0(l-g)3(l-g2)3(l„g3) ^ 

/00000000 -3 240 

1 1 -2 3 4 -3 -7 
0-11 0-2-2 1 2-2-6 3 

1 -1 2 2 -2 2 3 2 -1 
-10 1 1-2-2 1 1-1-2-11 

\ 1-1-11 1 0-10 1 



-7 


-4 


9 


5 


-5 


-6 


1 


5 


-1 


-10\ 


3 


8 


2 


-7 


-4 


5 


3 


-1 


-2 


1 


2 


-4 


-3 


2 


1 


-1 


-1 





1 


-1 


-2 


2 


2 





-1 





1 

















-1 


















































0/ 



• ^([3],[i],[3])(6i;a,g) = 



(l-a)(l-ag)(l-ag2) 
a9/2g5/2(l_g)3(l_g2)2(l_^3)2 
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• ^([3],[2],[3])(63;«,^) = 



(l-a)(l-ag)(l-ag2) 
a6g7(l_g)3(l_£,2)3(l_£,3)2 
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• ^([3],[3],[3])(6i;a,g) 
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5 Conclusions 



In this paper, we evaluate colored HOMFLY invariants carrying symmetric representations 
of various non-tours knots and links by using the multiplicity-free SU{N) quantum Racah 
coefficients [15] in the context of Chern-Simons theory. This method provides a powerful 
tool to demonstrate explicit computations of colored HOMFLY invariants. 

From the observation in §4, we predict the following properties of multi-colored HOM- 
FLY invariants of links. For an s-component link £, an unreduced colored HOMFLY 
invariant Pq^^j ... a, g) contains the unknot factor P[„^_^^](0; o, (z) colored by the 



-35- 



highest rank nmax = max(ni,--- ,ns). Therefore, it is reasonable to define the reduced 
colored HOMFLY invariants Pq^^j ... j„^])(£; a, g) by 

^([m],... a, q) = P([m],- (^; a, q)/P[nn..^] (O; «, q) 

for symmetric representations. Furthermore, if we normalize by 



^([ni],-,K])('C;a,g) 



then it becomes a Laurent polynomial with respect to the variables {a,q). Moreover, the 
Laurent polynomials obey the exponential growth property 



lim ^ — 

q^i (a; q)kn^ 

lim ^ — 



g-s>i (a; i 



1=1 

s 



-P[fcni],-,[fcn,](^;a,9) 



.1=1 



P 



([m],-,[n,]){^;a,q) 



where gcd(ni, • • • , n^) = 1. 

The direct line to study further is to categorify these invariants. Especially, colored 
HOMFLY homologies for thick knots are known only for the knots 819 and 942 [23]. To 
distinguish between generic and particular properties which can be accidentally valid for 
simple knots, it is important to obtain explicit expressions of colored HOMFLY homologies 
of ten-crossing thick knots in §3.2. The colored HOMFLY homology for links will be studied 
in [16]. 

Although the closed form expression [15] of the multiplicity-free SU{N) quantum 
Racah coefficients extends the scope for calculations of colored HOMFLY polynomials 
to some extent, we have not succeeded in obtaining the invariants for the knot lOiei and 
the link 7g. In addition, the information about colored HOMFLY polynomials beyond 
symmetric representations are very limited [28]. To deal with more complicated links and 
non-symmetric representations, further study has to be undertaken for the SU (N) quantum 
Racah coefficients with multiplicity structure. We hope to report this issue in future. 
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A Fusion matrices 



In this appendix, we shall show the explicit expressions of the fusion matrices for some 
representations, which are determined by the quantum 6j-symbols in the companion paper 
[15]. 

1. Ri = m, i?2 = cm 



ats 



R2 R2 



t = 



Vm 



= □ 



FTTT 



I [JV-l][W][W + l][JV + 2][iV + 31 



[2] [3] 



[iVl[JV + ll[W + 31 
p] 



/ [iV + 2][W + 31[iV + 4] 

^3^/ 12] 



where K23 
given by 



dimq i?i dimg R2 



/ [JV - 1] [N] [w + 2] [W + 31 [iV+41 _ _^ 

fiy [3^ f^y pj^ 

[Af]^[jV+l]^[Af+2] 



[3][2p 



and the quantum dimensions are 



[N-l][N][N+2] 
[2] 



dim^ kq = [N], dimg ki 
and the variables x'-s and y^s are given by 



dim„ K2 



[Af~l][jV]^[Af+l][Af+4] 



Xi 

Vi = 
( 



J2L 



ats 



Ri R2 
Ri R2 



" [A^+2]' 

m 

[2][N+2]- 
t 



P[3,2] 
P[4,l] 
V ^[5] 



3^2 



y2 



s = a 



([jV-l][jV+4])-[2] 
[2][JV+3] 

[TV] [2] 



lN+3] ■ 



X3 



[N+2][N+3] 
[N] 

[N+2][N+3]- 



/ []V-ll[JV][W + ll[W + 2] 

^ly mm 

[01 / [iV-ll[iV + ll[W + 2][W + 3r 

/ [W + l][W+2][iV+31[iV + 4r 
1' 'V [5] [4] [3] [2] 



[2] / [iV][W + ll 
"FV+TIV [4] [3] 

/ l" + lll" + 3T 
"'^V [3115^ 

, rol / [W-l][W + ll[iV + 31[W+4r 
il^ly [5l[4l[3] 



[2] / [W + 21[JV + 41 

Tiv+2l\/ PIT2] 

/ [JV][JV + 2][W + 3][JV+41 

[iV-l][JV][iV + 21[iV + 3] 
[5] [4] [2] 



where 



P[3,2] 



zi 
Z3 



P[4,l] = 

- [2] 

~ [N+l][N+2]' 

J2L 



P[5] 
Z2 



vrrr 



and the variables Zj 's are 



' [3][jV+3][jV+4]-[jVKjV~l] 
^1 I [7V] + [3][7V+4] 

J2L 



[Af+2][Ar+3] ' ^4 [Af+l][JV+3] ■ 
The quantum dimension of each representation for t are 



dimg /j[5] = 



_ [Af-l][iV]^[Af+l][jV+2] 
[4] [3] [2] 

[N] [N+l] [N+2\ [N+3] [N+i] 
[5]! 



dimg p[4^i] 



[Af-l][jV][iV+lKAf+2][Af+3] 
[5] [3] [2] 



ats 



Ri R2 
R2 Ri 



_j 



t 



P[3,2] 
P[4,l] 
V ^[5] 



S = 

^dim, p[3 2] 
-\/dim, p[4_i] 



Pi 

m 

[iV][JV + l] / [iV + 31 
[3] V 1*1 



_([jV-2] + [iV]-[JV + 4])I|+^ 



/ [JV-ll[JVl[JV+4] 



[N] 
[3] V 

mN] 



P2 



I [W + 11[W + 3][JV + 41 
[2] [4] 



' [iV][W + ll[JV + 4] 



/ [iV-ll[iV][W + l] 

mms] 
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2. R = rm 





' R R 


1 


t = po 


a-ts 


R R 


i^33 


Pi 








P2 








\ P3 



where K^^ = diniq R 
tions are given by 



PI 



•i-i-i I 



iPO a/ dirtiq pi - ,/ dim, p2 a/ dim, pa 



a/ dimq pi 
--^diniq p2 



jmq P3 



[Af][jV+i^[Ar+2] ^j^^ quantum dimensions of the representa- 



dimq Po 
dim, p2 



and we also have 



1, 

[Ar-i][Ar]2[jv+3] 



dim,pi = [iV-l][iV+l], 
aim, p3 j3p|2p 



[jV+l](l-[2][Af-l][jV+4]) 



JV+3 



[iV](-l+[2][jV][jV+5]) 
[3][iV+4] 



^=tHSaiVW^3lI]vT5l. 



[W+3][jV+4] 



R R 
R R 



K: 



33 



»[61 



"[5.11 
P[4.2] 
P[3,3] 



■M I I 



/T— — [W][W + 1] / []\' + l][A' + 21 [iVlliV 

-^dim, p[6] [2] [3] V \i] 



12) [3] 



+ 1] / 



2][iV+3] [Wl[iV+l] / [A- + 2][JV + 5] 



[4) 



[2) [3] 



[4] 



The quantum dimensions of the representations are given by 



dim, p[3^3] 



We also have 



_ [N-l] [N\^[N+l\'^[N+2\ 

- WWW\ ' 

_ [N- 1] [N] [JV+1] [N+2] [Ar+3] [iV+4] 
[2] [3] [4] [6] 



dim, P[4,2] 



[Af- 1] [ jV] ^ [N+l] [N+2] [ jV+3] 



dim 



_ [iV] [iV+l] [iV+2] [iV+3] [iV+4] [iV+5] 
9 ^[6]- [2] [3] [4] [5] [6] 



[Af][Af+l]([JV-l]-[2][JV+4]) 
[2][3][JV+3] 



l[N+2 




[4 


[5] 



_ [Ar][Ar+l] / [iV+l][Ar+2][Ar+3][iV+5] 
^3- [2][3] V W[5] 



y2 



[JV+4][Ar+2] 



l[N] [Ar+i][Ar+2 


[iV+4] 


[2] [3] [4] [6 





_ [3][jV+l] 

^1 ~ [Af+a] 



2^3 



[Af][Af+l] 
[Ar+3][Ar+4] 



[AT- 1] [AT] [Ar+2] [W+3] [Af +4] [Ar+5] 

[2] [3] [4] [5] [6] ^ 

[AT- 1] [AT] [Af + 1] [Af +2] [Af +3] [Ar+4] 
[4] 



a;2 

y3 ^ 

2^2 



l[N+l 


Ar+2] 


[4 


5] 



[Afl(-[2][Af] + [Af+5]) 
[2] [3] 

[Af+l]([Ar+3]-[2][Ar]) / [AT] [Ar+2] [Ar+3] [Af +4] 
[Ar+3] V [2] [3] [4] [6] 

[A+'lg+l] ^/[NW + m +m+ m + 4] 

[3][Ar] 

[Ar+4] 



[Ar- 1] [AT] [N+l\ [Ar+2] [Ar+4] [Ar+5] 
[2] [3] [4] [5] [6] 
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